ABSTRACT The stochastic tip dynamics of a primary cilium held within an optical trap is quantified by combining experimental, analytical and computational tools. Primary cilia are cellular organelles, present on most vertebrate cells, hypothesized to function as a fluid flow sensor. The mechanical properties of a cilium remain incompletely characterized. We measured the fluctuating position of an optically trapped cilium tip under untreated, Taxol-treated, and HIF-stabilized conditions. We applied analytical modeling to derive the mean-squared displacement of the trapped tip of a cilium and compared the results with experimental measurements. We provide, for the first time, evidence that the effective flexural rigidity of a ciliary axoneme is length-dependent, and longer cilia are stiffer than shorter cilia. We then provide a rational explanation for both effects. We demonstrate that the apparent length-dependent flexural rigidity can be understood by a combination of modeling axonemal microtubules orthotropic elastic shells and including (actin-driven) active stochastic basal body motion. It is hoped that our improved characterization of cilia will result in deeper understanding of the biological function of cellular flow sensing by this organelle. Our model could be profitably applied to motile cilia and our results also demonstrate the possibility of using easily observable ciliary dynamics to probe interior cytoskeletal dynamics.
INTRODUCTION
Primary cilia are slender hair-like structures, several microns long and 0.2 microns in diameter, present on most vertebrate cells, that protrude from the cell body into the extracellular space. Long considered vestigial structures, recent work has conclusively demonstrated that the primary cilium is in fact a signaling center for the cell (1) organizing a large number of signaling pathways. Demonstrations that bending a primary cilium via fluid flow (2) , optical tweezers (3), or micropipette (4) initiates intracellular calcium release imply that physiologically, the primary cilium is a flow sensor. However, the biological significance of this function remains unclear in part due to incomplete understanding of the dynamics of the cilium in the presence of flow (5) (6) (7) . For example, a recent report (7) , called into question the proposed mechanism by which flow (kinetic) energy is transduced into biochemical (potential) energy. Because bending the cilium involves mechanical stress and strain, one of our research foci centers on characterizing the mechanical properties of the primary cilium and exploring ways to modify the flow response by pharmacologically altering the mechanical properties of the primary cilium.
The primary cilium ultrastructure has been well characterized (8) , and most mechanosensation work has focused on ciliary associated transmembrane proteins, for example polycystin 1, polycystin 2 (9) and polycystin related proteins PKD1L1 and PKD2L1 (1) . By contrast, the possible role of structural elements in ciliary mechanotransduction has received less attention. Primary cilium structure consists of 9 microtubule doublets anchored in the basal body, which itself is a highly organized structure comprising a centrosome (microtubule triplets), transition fibers, a rootlet, and the basal foot (10) . We hypothesize that the mechanosensing function of cilia can occur by straining these microtubule structural elements in a similar manner to actin-mediated mechanosensation (11) . Indeed, preliminary results indicate that the basal body may have a role in differentiating mechanosensation from chemosensation (2, 12, 13) .
MATERIALS AND METHODS

Experimental Setup
Our experimental protocols for the growth, maintainance, and pharmacological manipulations of ciliated epithelial cells and optical trapping of cilia have been published elsewhere (15, 20, 22) , so here we only provide a brief summary. Conditionally immortalized epithelial cells originally microdissected from the cortical collecting duct of an Immortomouse are grown to confluence and allowed to differentiate for several days, during which time a cilium emerges. A cultured epithelial tissue monolayer is then placed within an upright microscope sample incubation chamber for imaging and trapping. Trapping is carried out with the cells held at 39 • C. The trapping beam enters the microscope from a side port, and the forward scattered trapping light is detected by a quadrant photodiode (QPD). The wavelength of the trapping beam (1064 nm) is well-tolerated by the cells (23, 24). The microscope objective used for the experiments was a 63X NA 0.90 dipping objective designed to be directly immersed into the culture media. The trapping geometry is known as a single-beam gradient trap, as a single beam is sufficient to confine the trapped object in all three dimensions. For our trap the beam waist is 0.3 µm and Rayleigh length is 0.4 µm.
A schematic and representative image of an optically trapped primary cilium is shown in Figure 1 . The cilium projects above the cell body, leaving the cells out of focus. As seen in the inset figure, the cilium appears as an in-focus dot against a blurred background.
Experiments proceeded as follows: with the trapping beam turned off, a cilium is located and the length measured optically, relying on the thin depth of focus of the microscope objective and accurate z-stage positioning. The distal tip is positioned at the trap location, the trap turned on and QPD output sampled for several tens of seconds (sample rate = 10 4 Hz). The tip of the cilium scatters the trapping beam, and as the tip moves stochastically due to Brownian motion, the angular distribution of scattered light changes. QPD data consists of a time-series of voltage samples, say V j i , where i = 1,2,3,4 (each quadrant) and j is the sample number. For each sample, the 4 quadrants are combined to determine the location of the centroid along the 'x' and 'y' axis (axes are set by the rotational orientation of the QPD and fixed, but arbitrary with respect to the x-and y-axes of the camera), and the dataset j, V j x , V j y is considered 'raw data'. The time-series raw data is then processed to calculate the mean-squared displacement (MSD) of the distal tip. As we will show, cilium length and asymptotic value of MSD are sufficient to characterize the effective bending modulus of a cilium in terms of an effective spring constant.
A good overview of various optical trap analysis methods can be found in (25). Our analysis method computes the MSD and fits an analytic function (presented below) to determine the trap stiffness. Analysis based on the asymptotic value of MSD is preferred for our system for two reasons. First, discretization of the QPD signal does not generate spurious results (26) and second, precise knowledge of viscous damping, which is problematic as our trapped object is a slender cylinder and not a sphere, is not required.
Computational Model
We also developed a coarse-grained computational model of the primary cilium to study the deformation and fluctuations of the cilium axoneme and the basal body based on dissipative particle dynamics (DPD) (27). DPD is a coarse-grained molecular dynamics which aims to capture thermal fluctuations and hydrodynamic behaviors of the original atomistic systems (28, 29). Besides non-bonded DPD interactions to capture fluctuations and hydrodynamics, we apply coarse-graining to construct bonded interactions within the molecular structures of the primary cilium based on the state-of-the-art understanding of its structure. The details of the model is described in the SI text.
Calculation of trapped object MSD
Data analysis is done using a Matlab procedure QPDanal ysisBul k (22) that uses time-series data collected by the Quadrant Photodiode (QPD), which measures the x-and y-positions of the centroid of light scattered by a trapped particle. The algorithm calculates the autocorrelation function ∆r 2 (τ) from a trajectory r(t) discretized into N T + 1 time steps consisting of N A = N T -τ + 1 overlapping time intervals of duration τ:
By fitting MSD(τ) to a known function (see subsections covering stochastic models) we obtained the long-time asymptotic limit value, which we denote MSD ∞ . 
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RESULTS AND DISCUSSION
We present our data first and then follow with model-based interpretation of the data.
Experimental measurements
Length-dependent bending modulus
We present our calculated values of the spring constant as a function of cilium length in Figure 2 . The spring constant is related to the (effective) bending modulus of a trapped cilium, and the resulting calculated values of effective bending modulus are also presented in Figure 2 .
Pharmacological manipulation of cilia
We have previously investigated pharmacological alterations of the ciliary bending modulus (20) and here we present new data ( Figure 3) showing similar effects. We examined the effects of two drugs, Taxol (paclitaxel) and CAY10585. Taxol has well understood effects on the mechanical stiffness of microtubules (30). CAY10585 is a small molecule that destabilizes Hypoxia-Inducible Factor-1 (HIF-1), a transcriptional regulator of hypoxia responses. CAY10585 also inhibits HIF gene transcriptional activity. We discuss the two treatments separately:
Taxol
Taxol is a microtubule stabilizer, yet prior studies applying Taxol to microtubules (31) and cilia (20) show that the flexural rigidity decreases, a counterintuitive result. Based on molecular dynamics simulations, it was proposed (32) that Taxol increases axonemal stability by allowing the increased flexibility to relieve internal stresses. Figure 3 presents our data obtained by adding 30 nM of Taxol to the culture medium for 24 hours. Note that our applied concentration is well below earlier studies.
Hypoxia-Inducible Factor (HIF) inhibitor
We and others have previously examined the connection between localized hypoxia and primary cilium function. HypoxiaInducible Factors (HIFs) are potent transcription factors that control cellular responses to decreases in available oxygen. Both ciliary length and bending modulus have been shown to be altered when HIF is stabilized (20, 33) . While the precise mechanism is currently unknown, the implications for altered flow sensitivity are profound; hypoxia may inhibit ciliary flow sensing at the initial transduction event rather than inhibiting the pathway further downstream. Here, we examined the effect of destabilizing HIF on ciliary mechanical properties by adding 30 µM of the small molecule HIF inhibitor CAY10585 (19) to the cell culture media for 24 hours. Figure 3 presents our data.
Experimental Error analysis
To demonstrate that our experimental results are valid, we provide some error analysis. The errors in our best-fit values result from a combination of random and systematic errors; systematic error will be discussed first. 
Measurement of trap stiffness
We checked for any systematic error or variation in the measured trap stiffness as a function of trap height. This check was performed in case the QPD signal varied with optical path length. Using the microscope z-axis controller, we trapped microspheres at different heights above the glass slide and computed the asymptotic value of the MSD. Our data is shown in Figure 4 . Our data shows that the trap stiffness varies very weakly with trap height and can be neglected. Thus, we have confidence that the length dependence of ciliary flexural rigidity is not an artifact.
Sources of random error
The primary sources of independent random error are: calculation of the MSD asymptote, measurement of cilium length, and experiment-to-experiment variability of the trap stiffness. As discussed in (22), the variability of MSD asymptote is reduced due to processing independent data subsets, the variation of this parameter is typically 10%. The variation due to length measurement varies with length because our uncertainty is fixed by the depth of focus of the objective lens, δL = ±0.3µm. Uncertainties due to experimental variations in the trap stiffness are caused by random variations of many parameters: optical alignment (including laser pointing stability, etc.), relative index of refraction between trapped object and surrounding fluid medium, diameter of primary cilium, potential mechanical disturbances to the optical bench, and so on. Because these collective uncertainties would simply result in random uncertainty in the calculated MSD asymptote, we may estimate the total random error of the MSD to be on the order of 10%.
Theoretical Analysis
In this section, we provide the results of several approaches that attempt to explain the apparent length dependence of EI e f f .
Following (14, 15, 17) , we initially modeled the cilium as a uniform cantilevered beam of length 'L' subject to external loading. This 'elastica' model for a primary cilium treats the structure as a homogeneous isotropic flexible cylindrical beam with a hemispherical endcap, constrained at the basal end and free to move at the distal end. This model has been used for a wide variety of systems, including filamentous biopolymers (34), atomic force microscope tips (35), and cellular protrusions including flagella (36), stereocilia (37), glycocalyx (38) and actin brush border (39).
Because primary cilia, unlike flagella or motile cilia, do not actively generate internal forces, we may model the primary cilium as a passive beam: there are no forces and/or moments generated within the beam. Because the slenderness (length/diameter) of the cilium is large, we may also neglect both rotatory inertia and transverse shear and approximately describe the cilium shape in terms of a 1-D object, the so-called neutral axis (30).
In the Supplementary section, We present two variations of this model: the homogeneous 'classical' cantilever and the homogeneous 'generalized' cantilever'. Compared to the classical model, the generalized cantilever has a different boundary condition at the fixed end.
Model verification
The two models can be experimentally verified or discarded by use of an optical trap. We will demonstrate that our measurements can determine an effective cilium spring constant k cilium , which for each model is given by:
generalized:
In both cases, the quantity L 3 k cilium is equivalent to an effective bending modulus EI e f f for a cilium of length 'L'. That is to say, if a cilium can be modeled as a homogeneous, isotropic material then our measurements should result in EI e f f ∝ L 3 . However, our data (see Figure 2 ) provides evidence that the effective bending modulus of a cilium EI e f f ∝ L 4 .
Because neither set of boundary conditions result in predictions that match measured data, we seek to identify other mechanisms. One potential solution may be to allow the bending modulus to vary with length EI = EI(s), however the Euler-Bernoulli equation itself is then modified, meaning our use of equations 1a or 1b to fit EI e f f are not appropriate. Unfortunately, the general equation that results from allowing EI = EI(s) is very cumbersome, not obviously solvable, and thus presented as Supplementary material. Importantly, because the ciliary axoneme has a constant cross section and essentially a uniform composition along the length, it is unclear what could cause a spatially-varying bending modulus.
Consequently, we will now carefully examine the stochastic model for optically trapped objects immersed in a viscous medium as it applies to a cilium and focus specifically on viscous drag as a potential way to reconcile our experimental results with prior models.
Stochastic model of an optically trapped cilium
Application of an optical trap to a cantilevered beam introduces at least two complications as compared to a trapped free particle, which we model in the Supplementary section. First, hydrodynamic (viscous) forces act along the entire length of the cantilever and not just the trapped end. Second, although the distal end of the cantilever can 'freely' respond to the applied trap force, the constrained end introduces a restoring force, embodied by the cantilever spring constant (equations 1a, 1b). In equilibrium, the tip of the cilium will be not be located in the center of the trap but displaced from the center by a distance 'x' given by the balance of trapping and elastic restoring forces. We denote the distance from the unbent cilium axis to the trap axis as 'd'.
Simplified model of the trapped cilium
We first consider a simplified model of the cilium-the axoneme is subject to viscous forces but the viscous damping coefficient γ remains unspecified. Figure 1 represents this simplified model of the primary cilium.
From Figure 1 , we have a modified Langevin-type equation:
Where
Rearranging, we obtain our equation of motion:
A key point to emphasize here is that while k T should be the same for every trapped cilium, k cilium may vary from cilium to cilium. The Fourier transform of Equation 2 is:
Next to find the MSD of the cilium tip, we calculate the PSD first, noting that the term f 2 cilium d δ ( f ) is not stochastic but rather a constant offset and can be dropped:
We can obtain the MSD of the trapped cilium tip as before:
where Ω 2 = f 2 e f f − Γ 2 /4 and as shown in the Supplementary section, the asymptotic limit as t → ∞,
The results obtained now provide useful information regarding the overall parameterization of the MSD in terms of the mechanical properties of the trapped cilium. This can be shown by combining the asymptotic limit of the MSD with equations 1a or 1b:
Again, we find that in either case, EI e f f ∝ L 3 , in conflict with our measurements. In the Supplementary material, we show that even when the drag coefficient γ is correctly calculated for a cylinder of length 'L', there is no change to the asymptotic form of the MSD. Our computational coarse-grained model further confirms that the hydrodynamic viscous force along the entire cilium can more simply be represented as an 'effective' force localized to the trapped end. Consequently, accounting for viscous drag does not "rescue" either homogeneous cantilever model. Taken together, we conclude that our experimental results are not due to an experimental artifact, systematic error, or random error. Furthermore, neither incorporation of different boundary conditions, nor accounting for viscous drag, nor spatial variations in EI result in accurate modeling of our results. We must now consider other ways to alter the structural model of primary cilia in ways that still preserve prior results, so we turn to computational and analytical methods to more efficiently explore the parameter space.
Improved analytical shell model of cilium structure
Our next approach is to refine the structural model of primary cilia. Rather than considering the ciliary axoneme as effectively homogeneous, following (18) and (40) we now treat each axonemal microtubule as an orthotropic elastic shell with wall thickness h = 2.7 nm and middle radius R = 12.5 nm.
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The essential result of this model (see Supplementary materials) is that the persistence length of the microtubules, which is proportional to EI, depends on the aspect ratio α = L/R:
Using our prior results from Eqn 1a and the worm-like chain (WLC) model (32
Modeling a cilium in terms of a bundle of elastic shells results in a significant departure from homogeneous models; while homogeneous models predict E I e f f ∝ L 3 , the shell model predicts E I e f f ∝ L 4 , matching the data trend.
Basal Body fluctuations
We now consider the role of basal body dynamics on ciliary motion (21). By applying our coarse-grained DPD model, we calculated the mean-squared displacement (MSD) of the tip held within an optical trap when the entire cell is within a hydrodynamic thermal bath consisting of DPD particles of water held at 39 • C. We found that the MSD of the tip always increases with cilium length when we use either a constant persistence length for the microtubules or use the length dependent persistence length from Eq. 30. Since we model the basal body as a rigid body described by the Langevin equation and model the remaining cellular components within the DPD framework, our model allows us to assign different temperatures for the Langevin equation (basal body) and the hydrodynamic bath. This approach, using a higher temperature for the basal body, models actin-driven "active fluctuations" of the basal body. Our model predicts the MSD of the tip decreases with the cilium length for either constant or length-dependent microtubule persistence lengths, which is qualitatively consistent with our experimental observations. Informed by these simulation results, we now derive a simplified analytical model for the induced fluctuations of the cilium tip caused by active fluctuations of the basal body.
The most simple way to incorporate stochastic motion of the basal body is to alter eqn 2:
Where we have allowed the basal body to undergo active fluctuations with a mean-squared displacement MSD bb and we use two different (uncorrelated) white-noise processes ζ 1 and ζ 2 . Going through the usual calculations, we obtain MSD ∞ :
Importantly, because k cilium appears in both terms but MSD bb in only one, there is a possiblity to independently alter k cilium and MSD bb , providing multiple biochemical pathways to probe the ciliary flow response.
Parameter Estimation
It is important to realize that our analytical model only has a few free parameters; material properties of untreated microtubules have been independently measured, for example the ratio G/E z = 4.28 * 10 −6 and E ϕ /E z = 1.42 * 10 −3 (18) . Regarding the two different homogeneous models, our computational model showed that axonemal bending dominates over the rotations of the basal body, we may set the rotational stiffness of the basal body J = ∞, making the models equivalent.
We performed a least-squares fit of k e f f based on our measured MSD ∞ to obtain estimates for the only two free parameters contained in eqns 5, 6 and 7: k T and MSD bb /γ 0 (γ 0 = γ/L). Following (21), we considered the axonemal microtubules as mechanically uncoupled. The result is shown is Figure 5 corresponds to values of MSD bb /γ 0 = 5.89 * 10 −6 µm 4 /pN, and k T = 15.5 pN /µm. In the Supplementary section, we provide an estimate for γ 0 = 0.5pN/µm, so that our model predicts basal body fluctuations on the order of 2 nm.
Performing the same least-squares fit on our datasets of treated cilia, we obtain G/E z = 4.04 * 10 −7 and MSD bb /γ 0 = 1.88 * 10 −5 µm 4 /pN for cells treated with Taxol, while for HIF-inhibitor treated cells we obtain G/E z = 1.39 * 10 −6 and MSD bb /γ 0 = 3.192 * 10 −7 µm 4 /pN. This provides crucial information about the effect of the two drugs; Taxol directly binds to tubulin and primarily impacts the mechanical properties of the axoneme (32) while suppressing HIF pathways primarily decreases actin fluctuations of the basal body (21). Consequently, our data also demonstrate the ability to target different components of the overall mechanical response of a cilium. 
CONCLUSION
We have attempted to demonstrate that a systematic treatment of end-loaded cantilevers immersed in a viscous medium can be applied to a biological system of high relevance: the primary cilium. Careful treatment demonstrates that (1) in contrast to previous efforts, cilia cannot be modeled as a homogeneous cantilever but rather as composed of orthotropic shells, and (2) fluctuations of the basal body are an essential component of ciliary mechanics. In addition, we have demonstrated that our analytical method is well-matched to a class of experimental techniques, including optical trapping but also other related approaches (magnetic trapping, for example) that apply localized forces to the cilium. We explored how the mechanical response of the microcantilever relates to the underlying mechanical properties, and identified the basal end of the primary cilium as a site of high interest, both because the structural properties are largely unknown but also because the basal end could be the site of initiation of the mechanosensation response. We have found, for the first time, evidence supporting a length-dependent effective bending modulus. It is possible that our data can help explain the persistent uncertainty in measured values of the ciliary bending modulus; in particular the finding (17) that longer cilia apparently have a higher apparent bending modulus. Finally, we presented data demonstrating the impact of various pharmacologic treatments on the effective bending modulus of cilia.
Our results begin to address a possible relationship between (regulated) cilium length and mechanical response to fluid flow. Regarding our hypothesis that flexural rigidity may be involved in the regulation of cilium length, the existing literature is inconclusive. One issue is that in the absence of fluid flow stimulation, cilium length is often heterogeneous (41), another is that fixation techniques damage the cilium (42). There is a tentative connection between increased cilium length and HIF stabilization (33) and we have recently published data showing that HIF stabilization results in more flexible cilia (20), so our hypothesis is reasonable. The work presented here should provide an increased ability to study our hypothesis.
It should be mentioned that in contrast to other reports, our results were obtained without application of fluid flow to deform the cilium. This is significant given Stokes' paradox-small experimental uncertainties in the local flow velocity will have large effects on the applied shear stress and resultant deformation, potentially creating systematic parameter estimation error. Our approach avoids the need to characterize the local flow field and so is not impacted by that source of error.
Another avenue for extension of our results lie with the boundary conditions at the basal end, that is, how to account for the basal body. A growing body of results (12, 13, 15, 21 ) focus on the basal body both as a modifier of the mechanical response and as some sort of 'gate' regulating the transport of materials in and out of the cilioplasm, thus the basal body potentially serves as the site of cellular flow sensing. We have demonstrated the possibility of investigating basal body dynamics by observing ciliary dynamics. 
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SUPPLEMENTARY MATERIAL
Continuum models of the primary cilium Classical cantilevered beam
The time-dependent shape Y(s,t) of the neutral axis of a cilium is given by the linearized Euler-Bernoulli law for pure bending (see, for example, (43)):
Where q(s) is an externally applied distributed load (force per length), 'µ' is the mass per unit length, 'E' is the Young's modulus, 'I' the area moment of inertia (for a cylinder of radius a, I = πa 4 /4) and EI together referred to as the flexural rigidity or bending modulus, having units of Force*area. Measurements of the flexural rigidity of primary cilia vary, but generally cluster between EI = 10-50 pN·µm 2 (14, 16, 17, 21) . We consider the cilium to be inextensible, and all deformations are considered transverse to the neutral axis. For simplicity, we reduce the full three-dimensional range of motion to deformations within a plane.
To solve the Euler-Bernoulli equation, we require boundary conditions for both the free and constrained ends. At the free (distal) end, the cilium responds to an applied load:
1. the bending moment vanishes:
2. The free end is subject to shear from an applied end load, for example from the optical trap 'F T ':
and the constrained end has a 'built in' support:
3. The constrained end cannot move: Y(0)=0.
The constrained end is 'built in':
The classical cantilever has static solutions:
Generalized cantilevered beam
Typically, the constrained end of cantilevered beams is classified as 'free', 'clamped' or 'hinged', depending on how the cantilever is attached to a substrate. The most general case of an end connected to a translational and rotatory spring, linear and torsional damper, and mass with rotational inertia is covered in (43). While boundary conditions for the basal attachment of cilia
are not yet fully known, preliminary results (15, 16, 21) have shown that the fixed end is neither free, clamped nor hinged. One current model treats the fixed end as constrained by a nonlinear rotatory spring obeying a force law F(θ) = Jθ + αθ 2 (15, 16) , where 'J' is the linear (Hookean) spring constant and 'α' the nonlinear coefficient, while another incorporates a viscoelastic rotatory spring (21). The more general boundary condition replacing the fourth boundary condition (equation 9) is:
4. The constrained end is attached to a mass with rotational inertia I m by a nonlinear torsional spring and linear torsional damper (coefficient 'c'):
With this boundary condition, the static solution to the Euler-Bernoulli equation is found to be:
The solution is constrained by requiring L > 0, J > 0, and EI > 0.
Beam bending equation with spatially varying bending modulus
For the linear theory of pure bending, points along the neutral line defined by the axial coordinate 's' will be strained by an amount
I where M is the bending moment and I the 'second moment of area'. If we allow E I = E I(s), meaning the quantity EI may collectively vary with s, then along the neutral axis:
where A ≡ 
This expression reduces to the usual Euler-Bernoulli equation if EI is constant.
Stochastic model of an optically trapped object
The Langevin approach provides a convenient formalism to analyze the stochastic motion of a particle that undergoes Brownian motion while held within an optical trap, so-called constrained Brownian motion. Following (44), we analyze the motion of a particle of mass 'm' within a viscous fluid (viscous damping γ) experiencing Brownian stochastic forces F B while suspended within an optical trap with trapping force −k T x.
ζ(t) is a normalized white-noise process. Performing the Fourier transform on this equation, using the definitions: trap corner frequency f 2 T = k T /m; normalized viscous drag Γ = γ/m, diffusion coefficient D = k B T/γ, and the standard notation for Fourier transform pairs:
The power spectral density (PSD) is given by the square modulus: PSD = |x| 2 .
As mentioned previously, precision calibration of optical traps typically analyze the PSD (26, 45), but that precision requires knowledge of the viscous damping Γ. This is important because in contrast to a sphere, the viscous drag acting on a cylindrical object is non-trivial. Our analysis uses the MSD of a trapped object rather than the PSD because analytic expressions for the viscous damping are not required. By the Wiener-Khinchin theorem, the PSD is equal to the Fourier transform of the MSD. Because the MSD is a real-valued function, the cosine-Fourier transform is used. In our case, trapped cilia immersed in a viscous fluid can be described as an overdamped system ( f T < Γ/2):
where
4 . Experimentally, it is useful to consider the limit of the MSD as t → ∞. Expanding the hyperbolic functions and linearizing Ω by making use of Γ 2 f T , we obtain:
That is, the trap spring constant can be calculated by
, where we denote the long-time asymptotic value of the MSD by MSD ∞ . As we show, this form of MSD ∞ is very robust to more detailed modeling.
Exact results for a optically trapped homogeneous cantilever immersed in a viscous medium
Incorporation of hydrodynamic forces along the ciliary axoneme is complicated because there is no solution to the Navier-Stokes system of equations for flow around a circle (Stokes Paradox) (46). The approach (35) used here considers the fluid drag to act as an (additional) effective mass, and we must resolve the Stokes paradox.
Beginning with the Fourier transformed scaled time-dependent Euler-Bernoulli equation (eqn 8), we account for hydrodynamic viscous drag F H ydr o by a fluid with density ρ, viscosity η, and an applied driving force F d :
Re is the Reynolds number Re = f a 2 ρ η . For primary cilia, Re 1. The hydrodynamic drag terms correspond to flow around a cylindrical axoneme and flow around the hemispherical tip, respectively.
In a sense, the drag coefficient Ξ (Re) summarizes the Stokes paradox. Detailed derivations resolving the Stokes paradox can be found elsewhere (46, 47) so we only summarize the results, originally derived by Oseen and Lamb (48). When the cylinder axis is perpedicular to the fluid velocity, the first terms of the hydrodynamic drag coefficient are given by (49):
where ξ is Euler's constant (ξ = 0.577...). The hydrodynamic drag force F H ydro → 0 as Re → 0, but importantly, the drag coefficient diverges: Ξ (Re) → Re −1 as Re → 0. This divergence has the effect of drastically decreasing the resonant frequency of a cilium, from approximately 100 kHz in vacuum to 50 Hz in an aqueous medium (15) and greatly complicates use of the PSD to analyze trapped cilia.
The driving force F d consists of two terms: Brownian forces F B and the optical trap F T . We assume the optical trap applies a force only to the tip of the cilium F T = F 0 δ(s − L). For our trap the beam waist is 0.3 µm and Reyleigh length is 0.4 µm, justifying the use of a localized applied force.
Calculation of the PSD
Constructing the eigenfunction mode expansion (index 'n') of the cantilever (50) Y (s, ω) = f n (ω)φ n (s) φ n (s) = A n cos(βs) + B n sin(βs) + C n cosh(βs) + D n sinh(βs)
Where F B is the Brownian force integrated along the cilium length and F T the trap force, which is localized to the cilium tip: 
Setup of the computational coarse-grained model of the primary cilium
As shown in figure 6 , we explicitly model the 9 vertical microtubule doublets of the axoneme (covered by cilia membrane) and cytoplasmic microtubules (green) connecting basal body to the actin cortex (blue) and the lipid-bilayer (red). The basal body including the centrioles and surrounding pericentriolar material (PCM) was modeled as a rigid sphere, which can rotate under the constraints from connecting microtubules. The microtubules in the axoneme and the cytoplasmic microtubules are connected to the basal body as a clamped boundary condition. More importantly, the actin cortex and its interaction with microtubules were also explicitly modeled. The lipid-bilayer (red) and the actin cortex (blue) are modeled as two distinct components that couple together, with a two-dimensional triangulated network for the cortex. Details of this model can be found in (27). 
